A piezoelectric bimorph cantilevered beam is analyzed dynamically by a longitudinal and transverse coupling theory. When a sinusoidal voltage is applied on the actuating layer of the bimorph, the output voltage of the sensing layer appears as interharmonic component signal. The interharmonic frequency is noninteger harmonic frequency of the applied voltage. A dynamic model is proposed to describe the interharmonic property of the piezoelectric bimorph beam. Through some simulations and experiments, the theoretical model is verified effectively to express the nonlinear characteristic. Furthermore, when the piezoelectric bimorph resonance happens, some interharmonic response at low frequency will modulate with the resonance response.
Introduction
Piezoelectric materials have been widely applied to many practical areas. The bimorph, which consisted of two pieces of piezoelectric patches bonded symmetrically on the top and bottom of a copper electrode beam, has been used as electroacoustic transducer, energy harvester, micropump driver, and microrobot for its sensitive response characteristics. For example, a bimorph impedance transducer was utilized as a simultaneous actuator and sensor for mechanical impedance measurement [1] , an electromechanical piezoelectric bimorph beam with a tip mass as a power harvester under two input base transverse and longitudinal excitations extracts energy from the vibration system via piezoelectric transduction [2] , and a circular piezoelectric bimorph for a micropump driver was optimized by a finite-element method [3] . However, before the piezoelectric bimorph can be used in these fields, it is necessary to study its actuating and sensing properties.
A significant number of works have thus focused on modeling the electromechanical coupling characteristics of the piezoelectric bimorph. By a finite element method the static and dynamic analysis of a piezoelectric bimorph was implemented [4] , using a spectral finite element method for bimorph piezoelectric beam energy harvesters that was developed based on the Timoshenko beam theory and the Euler-Bernoulli beam theory [5] , and a finite element model was developed and used to evaluate the accuracy of the analytic model for a bimorph cantilever undergoing asymmetric sensing and actuation [6] , and a finite element method for a piezoelectric bimorph was used to account for the changes in physical properties of the membrane strip at the location of the piezoelectric bimorph [7] . Except for the finite element model, other methods were adopted to represent the piezoelectric bimorph mathematically; for instance, the mechanical equivalent spring mass-damper model and the electric equivalent circuit model for a piezoelectric cantilever bimorph energy harvester were compared [8] , a distributed parameter piezoelectric bimorph cantilever energy harvester was modeled by an Euler-Bernoulli theory combined with the modal expansion theorem [9] , a closedform analytical solution was presented for a piezoelectric unimorph cantilever under base excitation based on the Euler-Bernoulli beam assumptions with Rayleigh-Ritz discretization [10] , and an efficient spectral element with electric potential degrees of freedom was proposed to investigate the static electromechanical responses of a piezoelectric bimorph for its actuator and sensor functions [11] . However, the piezoelectric bimorph has inherent nonlinear property; macrofiber composite-based bimorph actuators inherited the nonlinear properties of hysteresis and creep of piezoelectric materials and were modeled with a hybrid model including a generalized Maxwell slip operator and a creep operator [12] and a nonlinear mathematical model for the spacecraft coupled by the hub-bimorph mechanism was developed [13] . Vibratory energy harvesters (VEHs) have been developed to exploit the sensing ability of smart materials by the electromechanical mechanisms under external vibrations. Some designed miniaturized VEHs were capable of harnessing energy efficiently from low frequency excitations. Additionally, purposeful introduction of nonlinearities into the dynamics has been investigated to enhance the broadband transduction [14] . Moreover, for a piezoelectric vibration energy harvester at suitable mechanical excitation, a nonlinear frequency-up conversion mechanism could widen the equivalent bandwidth of the piezoelectric energy converter [15] . This paper investigates a different phenomenon, namely, the interharmonic [16, 17] resonance property of a piezoelectric bimorph for the purpose of energy harvesting under low frequency excitations. Figure 1 shows a vibration response measure system for a piezoelectric bimorph, whose end is fixed with the fixture device. The piezoelectric actuating layer is applied with a sinusoidal voltage from the driving device controlled by the D/A circuit, while the piezoelectric sensing layer outputs harmonic voltage due to the stress from the actuated bending deformation. The output harmonic voltage is saved by the computer through the A/D circuit. Figure 2 gives the harmonic voltage signal and frequency response by the Fast Fourier Transform when a sinusoidal voltage at amplitude 4.5 V and frequency 1.4 Hz is applied on the actuating layer. The output voltage is shown in Figure 2 (a), and it indicates a modulated wave signal which includes many frequency sinusoidal signals. Figure 2 (b) displays the magnitude-frequency characteristics of the output voltage, and it is manifested that the output voltage has multiple interharmonic components, and the first four frequencies are 1.404 Hz, 2.698 Hz, 5.507 Hz, and 6.801 Hz, respectively. Therefore, it is necessary that this interharmonic property of the piezoelectric bimorph is described mathematically and accurately before it is widely used in a variety of areas.
The rest of this paper is organized as follows: In Section 2, the interharmonic property model of the piezoelectric bimorph cantilevered beam is introduced. In Section 3, the simulation and experiment results are shown, and some discussions are focused. Finally some conclusions are given in Section 4.
Dynamical Model for a Piezoelectric
Bimorph Cantilever Beam Figure 3 shows a piezoelectric bimorph cantilever beam. The left end of the beam is fixed and the right end is free. Moreover, the layers above and below are the piezoelectric (PZT) material and the middle layer is a copper electrode. and ℎ are effective length and height of the cantilever beam, respectively. Furthermore, ℎ is height of the electrode and is the distance from the fixture to the piezoelectric materials. The bimorph is mainly used to detect and suppress vibration signal for space structures. Therefore, the sensing property integrated with actuating function of the piezoelectric bimorph will be modeled by some dynamic analyses.
An infinitesimal element method is proposed to model the nonlinear bifurcation property for the bimorph shown in Figure 4 . , , and are the axial force, the shear force, and the bending moment, respectively. Moreover, is the angle between the -axis and the center axis of the bimorph. And is the length of the infinitesimal element. " ", " ," and " " represent "actuating layer," "electrode layer," and "sensing layer," respectively. A set of equations is gained by force balance principle and is expressed as
where and are displacements along the -axis and the -axis, respectively.̇and̈are time differential variables.
is an external force. Furthermore = and = /cos( ), and is density. is the cross-sectional area of the infinitesimal element. The relation between the shear force and the bending moment is given as
Shock and Vibration Therefore submitting , , and (2) into (1), and having + ( / ) ≈ , (1) may be transformed as
Then, because of tan( ) = / , tan( ) ≈ sin( ) ≈ when → 0. Moreover, the trigonometrical functions are expanded with the Taylor series; namely, cos( ) = 1 − (1/2)( ) 2 + ( 2 ). Therefore sin ( ) ≈ ,
4 Shock and Vibration In addition, the longitudinal displacement ( , , ) consisted of three parts. The first part is the axial displacement ( , ) by the transversal force shown in Figure 5 (a), Figure 5 (b) displays the second part ⋅ tan( ) ≈ caused by the cross-sectional rotation, and Figure 5(c) shows the third part ( − ) from the lateral curvature; it is given as
Therefore, is derived as
And the corresponding stress is expressed as
where = + 2 , where and are the Young modulus of the electrode and piezoelectric material, respectively. Moreover, the actuating stress is generated by the applied voltage on the piezoelectric layer and is described as
where is the cross-sectional area of the piezoelectric actuating layer and 3 = ( , )/ℎ , where ( , ) is Heaviside function. ℎ is thickness of the piezoelectric actuating layer.
Hence, with (7) and (8), the axial force is derived as
And the bending moment is gained as
where
And
Assuming = 0 and = 0, substitute (9) and (10) into (3), and then
Shock and Vibration 
The output voltage of the sensing layer is given in [14] . Therefore, the describing set of equations of the interharmonic property for piezoelectric bimorph is expressed as
where is the electromechanical coupling, is the effective capacitance of the piezoelectric sensing layers, and is the electric load and is equal to (1 − sin 2 ), where is a load's resistance, r is a corresponding coefficient, and is the load's frequency.
Results and Discussions
Based on the constructed model (17) , the simulation and experiment results are shown in Figures 6-9 with the Fast Fourier Transform Algorithm. Figure 6 gives the frequency response when the applied voltage frequency of the actuating piezoelectric layer is 0.8 Hz. The frequencies of simulation Therefore, from above discussion on comparison between the simulation and experiment results, the law of the output voltage frequency from the sensing piezoelectric layer is summarized from the four set results at different input voltage frequencies and is shown in Table 1 . The output voltage frequencies are , ± , 2 ± , 3 ± , . . ., and = 4.10 Hz. If is not equal to , the interharmonics will appear. When Shock and Vibration is equal to , the resonance phenomenon will happen. Then, that output voltage frequency may be deduced at input frequencies 0.6 Hz, 5 Hz, and 8.2 Hz. Shown in Figures  10-12 , the frequency responses by simulations are compared with experiments. And the compared frequency results are given in Tables 2 and 3 . From Figure 10 , when the input voltage is applied with a sinusoidal signal at amplitude 4.5 V and frequency 0.6 Hz, the frequencies of output response are 0. Table 2 with simulations and Table 3 with experiments, respectively. Therefore, the interharmonics property of the piezoelectric bimorph is reflected not only in the smaller frequency but also in the higher frequency of the output response than that of input voltage. Moreover the theoretical model of the piezoelectric bimorph is verified effectively by simulations and experiments. Furthermore, the output simulation frequencies are almost the same as the output experimental frequencies. Especially when the input voltage is at frequency 4.1 × Hz ( = 1, 2, 3 , . . .), the output response voltage has resonance and lower frequency interharmonics.
Conclusions
In the paper, a theoretical model is proposed for a piezoelectric bimorph to describe the interharmonic property. And the dynamic model is constructed by the longitudinal and transverse coupling theory for the piezoelectric bimorph cantilevered beam. Moreover, with the simulation and experiment results, the theoretical model is validated to express the nonlinear characteristic. Furthermore, in future work, the theoretical model will be used to design a displacement compensating controller for the piezoelectric bimorph cantilevered beam. 
